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Abstract: We study the properties of heavy quarkonia in a quark gluon plasma in the
presence of bulk viscous effects. Within the hard thermal loop approximation at one-loop,
the dielectric permittivity of a quark gluon plasma is computed, where the bulk viscous
effect enters through the deformation of the distribution functions of thermal quarks and
gluons. Based on the modified dielectric permittivity, we compute the in-medium heavy
quark potential, that includes non-pertubative string-like terms as well as the perturbative
Coulombic term. We discuss how the bulk viscous effect modify the real and imaginary
parts of the in-medium potential. Several prescriptions are examined as to how to include
the string-like non-perturbative potentials. Using the deformed potential, we compute the
wave functions, binding energies, and decay widths of heavy quarkonia in a bulk viscous
medium, and study their sensitivity to the strength of the bulk viscous effect. An estimate
of the melting temperatures is given.
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1 Introduction
The relativistic heavy-ion collisions provide us with a unique opportunity to experimen-
tally study the strongly interacting matter in extreme conditions. The currently ongoing
experimental programs at the Relativistic Heavy Ion Collider (RHIC) at BNL and the
Large Hadron Collider (LHC) at CERN aim at revealing the properties of the quark gluon
plasma (QGP), which is expected to appear at high temperatures. At sufficiently high
temperatures, a QGP behaves as a weakly interacting gas of quarks and gluons, which can
be understood using hard thermal loop (HTL) resummation [1–4]. Such a description has
been successful in describing the thermodynamics of the QGP even close to the crossover
temperature [5–7].
Heavy quarkonium states have been a useful probe of the surrounding thermal medium.
In the vacuum, they are reliably described in terms of non-relativistic potential models [8, 9]
using the Cornell potential [10, 11]. A QGP medium exhibits the screening of static color-
electric fields and that would result in the melting of heavy quarkonia, which was one of
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the first proposed signals of the formation of a QGP [12]. The potential models have been
applied to the study of quarkonia at finite temperatures, the first of such works is done
by Karsch, Mehr, and Satz [13]. The meson current correlators and quarkonium spectral
functions have been calculated from potential models [14–21] and are compared to the
first-principle lattice QCD calculations [22–30]. The appearance of the imaginary part
of the potential due do the Landau damping [31–34] and the break up of a color singlet
bound state into a color octet quark-antiquark state via absorption of a thermal gluon
is discussed [35–37], which has further stimulated the study of complex heavy quarkonia
potential from thermal field theories [38–41] as well as from the lattice QCD [42–44]. See
Ref. [45] for a recent review.
The motivation for the current work is to understand how the effect of non-equilibrium
nature of the fluid is imprinted on the properties of heavy quarkonia. For example, in the
early time of a relativistic heavy-ion collision, the longitudinal expansion is stronger than
the radial expansion, which would result in an anisotropy of the distribution functions of
medium particles in the momentum space. The effect of such momentum-space anisotropies
on quarkonia has been discussed in Refs. [38, 40, 41, 46–52]. The presence of magnetic
fields [53–61] or non-zero fluid velocity [62–69] also works as a source of anisotropy. Among
such non-equilibrium situations, the role the bulk viscosity is gaining an increasing attention
in relation to the beam energy scan program [70], since the bulk viscous effect is expected
to be enhanced as the system approaches a critical point [71–73].
The goal of this study is to test the sensitivity of quarkonia to the non-equilibrium
nature of the fluid, in particular, the bulk viscous corrections. In Ref. [74], the color
dielectric permittivity is computed in the presence of bulk viscous corrections based on
the HTL-resummed gluon propagators. The bulk viscous effect enters through the defor-
mation of the distribution functions of thermal particles. The perturbative HTL gluon
propagators only gives rise to the Coulombic potential, but non-perturbative string-like
contributions have been observed in lattice QCD studies [75–77]. There has been several
proposed prescriptions as to how to incorporate non-perturbative contributions in the po-
tential [44, 49, 69, 78, 79]. Among those is an approach based on the linear response theory:
the modified string-like potential is obtained by modifying the linear potential using the
HTL permittivity that entails the medium effect1. In this work, based on the modified di-
electric permittivity in the presence of bulk viscous effect, we derive a complex heavy quark
potential in such environments. We examine several prescriptions for the introduction of
non-perturbative part. We use the modified potential to solve the Schro¨dinger equation
and compute the deformed wave functions, binding energies, and decay widths of heavy
quarkonia. We discuss how those physical properties are affected by the bulk viscous effect.
The rest of the article is structured as follows. In section 2, we derive the dielectric
permittivity of a thermal medium in the presence of bulk viscous corrections. In sec-
tion 3, we calculate the complex heavy quark potential based on the modified dielectric
permittivity and discuss its properties. In section 4, we show the effect of the bulk viscous
corrections on the binding energies and decay widths of quarkonium states, from which
melting temperatures are estimated. Section 5 is devoted to summary and discussions.
1 This approach is taken in Refs. [41, 49, 78] to study heavy quarkonia in an anisotropic medium.
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2 Color dielectric permittivity of a bulk viscous medium
In order to compute the in-medium potential, we rely on the linear response theory, in which
the in-medium properties are encoded in the color dielectric permittivity. We here review
the derivation of the dielectric permittivity in the HTL approximation in the presence
of the bulk viscous correction. When the system is away from thermal equilibrium, the
fluctuation-dissipation theorem is violated, which leads to the existence of two different
Debye masses. In the current situation, a modified fluctuation-dissipation theorem is found
to hold.
In the computation below, the non-equilibrium effect enters through the modification
of the distribution function of thermal quarks and gluons,
f(k) = f0(k) + δnoneqf(k), (2.1)
where f0(k) is the equilibrium distribution
2, and the second term is the non-equilibrium
correction. In general, non-equilibrium corrections can be anisotropic. Such an anisotropy
may be present at the early stage of heavy-ion collisions, where the longitudinal expansion
is substantially stronger than the radial expansion. Certain types of the corrections can be
regarded as viscous corrections when the anisotropy is weak. In this study, we discuss the
effect of the bulk viscosity, and as f0 we take the thermal equilibrium one,
f(k) = f0(k) + δbulkf(k), (2.2)
where the correction δbulkf(k) is isotropic. The specific form of the correction is given later
in Eq. (2.7)
2.1 Computation of the dielectric permittivity
Let us here derive the dielectric permittivity in the presence of bulk viscous corrections.
For this, we compute the gluon self-energies and propagators in the presence of bulk viscous
corrections. In the following, we review how to obtain the modified propagators as done
in Ref. [74]. The medium quarks are taken to be massless.
2.1.1 Retarded propagator
First, let us look at the retarded self-energy of gluons. In the following computations, we
employ the Coulomb gauge. To evaluate the potential in the Coulomb gauge, we need the
temporal component of the self energy ΠR(P ) ≡ Π00R (P )3. In the HTL approximation, the
one-loop contribution from Nf quarks to ΠR(P ) is given by [74, 80]
Π
(q)
R (P ) =
4piNfg
2
(2pi)4
∫
kdkdΩ
(
f+(k) + f−(k)
2
)
1− (kˆ · pˆ)2(
kˆ · pˆ + p0+ip
)2 , (2.3)
where kˆ ≡ k/k and f±(k) are distribution functions for quarks/antiquarks. As long as the
HTL approximation is valid, this expression is true even in non-equilibrium situations. In
the thermal equilibrium, the distribution functions are given by
f±0 (k) =
1
e(k∓µ)/T + 1
, (2.4)
2 As a reference point, f0, one may take a distribution of a non-thermal fixed point.
3We denote a four momentum by a capital letter, P = (p0,p), and p ≡ |p|.
– 3 –
where µ is the quark chemical potential. The contribution from the gluon loop has the
same structure with the Fermi distribution replaced with the Bose one. Including the
contribution from quark and gluon loops, the retarded self-energy in the equilibrium is
written as
ΠeqR (P ) = m
2
D
(
p0
2p
ln
p0 + p+ i
p0 − p+ i − 1
)
, (2.5)
where mD is the Debye mass,
m2D =
g2T 2
6
[
2Nc +Nf
(
1 +
3µ˜2
pi2
)]
, (2.6)
with µ˜ ≡ µ/T .
Now let us introduce the bulk viscous correction. We shall model the correction with
the following form [74],
δbulkf(k) =
(
k
T
)a
Φ f0(k) (1± f0(k)) , (2.7)
where a and Φ are constants and the +(−) sign is for Bose (Fermi) distribution. Φ is a
parameter proportional to the bulk viscous pressure (divided by ideal pressure). There are
constraints for the parameter a. We need a condition a > 0 so that there will be no IR
divergence coming from the correction in the retarded self-energy of gluons (see Eq. (2.3)
with f replaced by the Bose distribution). Otherwise the dominant contribution does not
come from k ∼ T and the HTL approximation becomes invalid. The same condition of the
absence of IR divergence for the symmetric self-energy (gluon-loop version of Eq. (2.19))
leads to a stronger bound, a > 1/2, from the O(Φ2) contributions. In addition, in order
for the bulk viscous contribution to be non-negligible compared to the NLO corrections,
we need the condition |Φ|  g2. The bulk pressure δbulkp is usually negative, which
corresponds to Φ < 0, but the sign can be reversed in the presence of shear-bulk coupling
[81]. In the present study, we regard Φ as a parameter of either sign.
In the presence of bulk correction (2.7), the retarded self-energy is modified as ΠR =
ΠeqR + δbulkΠR. The contribution from the quark loop, δbulkΠ
(q)
R , is given by
δbulkΠ
(q)
R (P ) =
Nfg
2
(2pi)3
∫
kdk
[
δbulkf
+(k) + δbulkf
−(k)
] ∫
dΩ
1− (kˆ · pˆ)2
(kˆ · pˆ + p0+ip )2
,
=
Nfg
2
(2pi)3
∫
kdk
(
k
T
)a
Φ
[
f+0 (k)
(
1− f+0 (k)
)
+ f−0 (k)
(
1− f−0 (k)
)]
×
(
p0
2p
ln
p0 + p+ i
p0 − p+ i − 1
)
. (2.8)
The correction does not affect the momentum dependence and just modify the Debye mass.
Similarly, the contribution from the gluon loop can be computed. The total retarded self-
energy including bulk correction can be written as [74]
ΠR(P ) = Π
eq
R + δbulkΠ
(q)
R + δbulkΠ
(g)
R
= m˜2D,R
(
p0
2p
ln
p0 + p+ i
p0 − p+ i − 1
)
,
(2.9)
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where m˜2D,R = m
2
D + δm
2
D,R is the modified Debye mass. The correction is written as
δm2D,R =
g2T 2
6
[
2Ncc
g
R(a)Φ +Nf
(
1 +
3µ˜2
pi2
)
cqR(a, µ˜)Φ
]
. (2.10)
Here, the dimensionless quantities cqR(a, µ˜) and c
g
R(a) are defined by
cq,gR =
1
Φ
∫
kdk δbulkf(k)∫
kdk f0(k)
, (2.11)
where we take the Bose and Fermi distributions as f0 for c
g
R(a) and c
q
R(a, µ˜) respectively,
and their explicit forms are
cqR(a, µ˜) = −
6
pi2 + 3µ˜2
Γ(a+ 2)
[
Lia+1(−eµ˜) + Lia+1(−e−µ˜)
]
, (2.12)
cgR(a) =
6
pi2
Γ(a+ 2)ζ(a+ 1), (2.13)
where Lin(z) denotes the polylogarithm function. At the vanishing quark chemical potential
µ = 0, the quark part cqR simplify to
cqR(a, µ˜ = 0) =
12
pi2
(1− 2−a)Γ(a+ 2)ζ(a+ 1). (2.14)
We can compute the retarded propagator from the self-energy. In the Coulomb gauge, if
the distribution function is isotropic, the temporal component of the resummed propagator4
, D¯R(P ) ≡ D¯00R (P ) , is independent of the spatial components of the self-energy and
propagators5. The Dyson-Schwinger equation reads
D¯R = DR +DRΠRD¯R, (2.16)
where DR = 1/(p
2 + i sgn(p0)) is the bare propagator. Using the ΠR(P ) obtained above,
the temporal component of the resummed retarded propagator is written as
D¯R(P ) =
1
p2 −ΠR . (2.17)
For the computation of the potential, we need the static limit p0 → 0 of the propagator.
To the first order in p0, it can be written as
D¯R(P ) =
1
p2 + m˜2D,R
− ipi p0
2p
m˜2D,R
(p2 + m˜2D,R)
2
Θ(p2 − p20) +O
(
p20
)
, (2.18)
where Θ is the step function. The advanced propagator is given by the complex conjugate
of the retarded one.
4 Resummed propagators are indicated by characters with bars.
5 In the Coulomb gauge, the bare and resummed propagators satisfy the condition,
piD
0i
R = 0. (2.15)
When the system is isotropic, like in the current case, we have D0iR = 0.
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2.1.2 Symmetric propagator
The symmetric propagator DS(P ) and the self-energy ΠS(P ) can be computed in a similar
manner. The quark loop contribution to ΠS(P ) is written as
Π
(q)
S (P ) = 4iNfg
2pi2
∫
k2dk
(2pi)3
∑
i=±
f i(k)(f i(k)− 1)2
p
Θ(p2 − p20). (2.19)
Adding the quark-loop and gluon-loop contributions, the equilibrium part of ΠS(P ) is
written using the Debye mass (2.6) as
ΠeqS (P ) = −2piim2D
T
p
Θ(p2 − p20). (2.20)
The total symmetric self-energy with the bulk viscous correction is again represented with
the modified Debye mass,
ΠS(P ) = Π
eq
S + δbulkΠS
= −2piim˜2D,S
T
p
Θ(p2 − p20),
(2.21)
where m˜2D,S = m
2
D + δm
2
D,S , and the bulk viscous correction δm
2
D,S is given to the first
order in Φ by
δm2D,S =
g2T 2
6
(
2Nc c
g
S(a) Φ +Nf
(
1 +
3µ˜2
pi2
)
cqS(a, µ˜) Φ
)
, (2.22)
where the dimensionless functions cqS(a, µ˜) and c
g
S(a) are defined as
cq,gS =
1
Φ
∫
dk k2δbulkf(k)(1± 2f0(k))∫
dk k2f0(k)(1± f0(k)) , (2.23)
whose explicit forms are
cqS(a, µ˜) = −
3
pi2 + 3µ˜2
Γ(a+ 3)
[
Lia+1(−e−µ˜) + Lia+1(−eµ˜)
]
, (2.24)
cgS(a) =
3
pi2
Γ(a+ 3)ζ(a+ 1). (2.25)
Given the symmetric self-energy, we can compute the symmetric propagator. The
temporal component of the resummed symmetric propagator in the Coulomb gauge satisfies
the following Dyson-Schwinger equation
D¯S = DS +DRΠRD¯S +DSΠAD¯A +DRΠSD¯A, (2.26)
Using the Dyson-Schwinger equation for the retarded and advanced propagators, D¯R =
DR +DRΠRD¯R, D¯A = DA +DAΠAD¯A, we can write Eq. (2.26) in the following form,
(D¯R)
−1D¯S(D¯A)−1 = (DR)−1DS(DA)−1 + ΠS . (2.27)
The first term on the right hand side is in fact zero (note that it is proportional to p4δ(p2)).
Thus, the resummed symmetric propagator can be written as D¯S = D¯RΠSD¯A and in
p0 → 0 limit it is given by
D¯S = −
2piiTm˜2D,S
p(p2 + m˜2D,R)
2
, (2.28)
where we have used Eqs. (2.9) and (2.18).
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2.1.3 Dielectric permittivity
The dielectric permittivity, ε(p), is computed as
ε−1(p) = lim
p0→0
p2D¯11(P ) , (2.29)
where D¯11(P ) is the longitudinal component of the 11-part of the resummed gluon propa-
gator. Noting that
D¯11 =
1
2
(
D¯R + D¯A + D¯S
)
, (2.30)
and using Eq. (2.18) and Eq. (2.28), we obtain the expression for the dielectric permittivity
in the presence of bulk viscous correction,
ε−1(p) =
p2
p2 + m˜2D,R
− i piTp m˜
2
D,S
(p2 + m˜2D,R)
2
. (2.31)
In the limit of vanishing bulk correction, both of m˜D,R and m˜D,S approaches mD and the
equilibrium expression is reproduced. The dielectric permittivity (2.31) will be used in
computing the in-medium heavy quarkonia potential.
2.2 Two Debye masses and a modified fluctuation-dissipation theorem
We have learned that the effects of the bulk viscous correction are incorporated in two
different Debye masses, m˜2D,R and m˜
2
D,S , that characterize the retarded (advanced) prop-
agators and the symmetric propagator. The two Debye masses are functions of the bulk
viscous correction parameter Φ. We have obtained the expression of the modified dielectric
permittivity (2.31), which is the main result of this section.
Let us show the behaviors of the modified Debye masses. The bulk viscous correction
can be written as
m˜2D,R(S)
m2D
= 1 + cR(S)(a, µ˜)Φ. (2.32)
The expression of cR and cS follows from Eqs. (2.10) and (2.22). In Fig. 1, we show the
linear coefficients cR(a, µ˜) and cS(a, µ˜) as a function of a. Those coefficients are positive in
the region of a considered here. Therefore, the bulk viscous correction effectively increases
the Debye mass for Φ > 0.
In the absence of bulk viscous corrections, namely in the thermal equilibrium, the
fluctuation-dissipation theorem (FDT) holds,
D¯S(P ) = (1 + 2f0(p0))sgn(p0)
(
D¯R − D¯A
)
=
2T
p0
sgn(p0)(D¯R − D¯A) +O(p0), (2.33)
and this ensures that the two masses are equal in the absence of bulk viscous corrections.
The FDT is violated in non-equilibrium, and m˜D,R and m˜D,S can be different. Thus, the
difference quantifies the extent of violation of the FDT. In the current situation, in fact, a
modified version of FDT holds [82],
D¯S(P ) =
2Tλ
p0
sgn(p0)(D¯R − D¯A) +O(p0), (2.34)
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cR(a) (retarded)
cS(a) (symmetric)
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Figure 1. a-dependence of the functions cS(a) and cR(a), that are the slopes of m˜
2
R(S)/m
2
D as a
function of Φ. The chemical potential µ is set to zero.
or equivalently
ΠS(P ) =
2Tλ
p0
sgn(p0)(ΠR −ΠA) +O(p0), (2.35)
where we have defined a parameter
λ = λ(a,Φ, µ˜) ≡ m˜
2
D,S
m˜2D,R
=
1 + cSΦ
1 + cRΦ
(2.36)
The modified FDT (2.34) holds in the HTL approximation at one-loop and when the
distribution function is spherically symmetric. As can be seen in Fig. 1, the symmetric
Debye mass is larger than the retarded one for Φ > 0, so λ > 1 in this case.
3 In-medium potentials in the presence of bulk viscous corrections
In this section, we study how the heavy quarkonia potential is modified in the presence of
bulk viscous correction.
A heavy-quark potential can be obtained by the Fourier transform of the static gluon
propagator. The propagators in the HTL perturbation theory results in the screened
Coulombic potential. This potential will be dominant in the high temperature limit, but
it does not account for the non-perturbative string-like part, which is responsible for the
confinement. At zero or low temperature, many studies has confirmed that the so-called
Cornell potential that consists of a Coulombic and string-like parts explain the proper-
ties of heavy quarkonia very well. Modeling of non-perturbative effect is important in
understanding the “melting” of quarkonia near the crossover temperature Tc.
Given the medium property, how to incorporate it to modify the string-like contribution
for both of the real and imaginary parts is not unique. There has been a number of
proposals as to how to parametrize the in-medium potentials. Here, we shall discuss the
prescriptions discussed in Refs. [69, 79] and we extend those formulations to introduce the
non-equilibrium bulk viscous corrections. We examine how the real and imaginary part of
the in-medium potential is affected by this.
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3.1 Approach based on the linear response
We here take the approach [41] based on the linear response theory. The properties of a
thermal medium is encoded in the dielectric permittivity ε(p). When the linear approxima-
tion is justified, the in-medium potential is related to the potential in the vacuum through
the permittivity by
V (p) = Vvac(p)ε
−1(p). (3.1)
This relation is true even in a strongly coupled system, as long as the linear approximation
to the potential is good. As a vacuum potential, we employ the Cornell potential. Thus,
the in-medium heavy-quark potential in the real space can be written as
V (r) =
∫
d3p
(2pi)3/2
(eip·r − 1) VCornell(p)
ε(p)
, (3.2)
where the Fourier transform of the Cornell potential VCornell(p) is given by
VCornell(p) = −
√
(2/pi)
α
p2
− 4σ√
2pip4
, (3.3)
where α ≡ CFαs with CF = (N2c − 1)/2Nc and σ is the string tension. The parameter σ
is determined to reproduce the vacuum quarkonium property.
Let us first look at the real part of the in-medium heavy quark potential. Using
Eqs. (2.31) and (3.3), it is computed as
ReV (r) =
∫
d3p
(2pi)3/2
(eip·r − 1)VCornell(p) Re ε−1(p)
= −α m˜D,R
(
e−m˜D,R r
m˜D,R r
+ 1
)
+
2σ
m˜D,R
(
e−m˜D,R r − 1
m˜D,R r
+ 1
)
.
(3.4)
where the first term is Coulombic contribution with the Debye screening, and the second
term comes from the string-like part of the Cornell potential. In the absence of bulk
viscous corrections, this form of potential is derived in Ref. [41] . In the small distance
limit, r → 0, it approaches the Cornell potential, VCornell(r) = −α/r+σr. For the real part
of the potential, the bulk viscous correction enters through the modification of the Debye
mass mD → m˜D,R. In Fig. 2, we plot the real part of the potential for different values of
Φ (left) and a (right). The modified Debye mass is an increasing function of both Φ and
a, and the potential becomes flattened for larger values of those parameters.
The heavy quark potential also acquires an imaginary part at finite temperatures. The
imaginary part reads
ImV (r) =
∫
d3p
(2pi)3/2
(eip·r − 1)VCornell(p) Im ε−1(p)
= −αλT φ2(m˜D,R r)− 2σTλ
m˜2D,R
χ(m˜D,R r)
≡ ImVHTL(r) + ImVstring(r),
(3.5)
where the first term is from the perturbative HTL contribution, and the second term is the
string-like contribution. We have plotted these terms separately in Fig. 3, and the total
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Figure 2. Left: real part of the potential (ReV ) as a function of r for different values of Φ with
a = 1 at T = 0.3 GeV. Right: ReV for different values of a with Φ = 0.1 and T = 0.3 GeV. The
potential becomes more flattened for larger values of Φ and a.
Im VHTL (Φ=0)
Im VHTL (a=1,Φ=0.4)
Im Vstring (Φ=0)
Im Vstring (a=1,Φ=0.4)
���� ���� ���� ���� ���� ����
-�����
-�����
-�����
-�����
�����
� [� ]
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��
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Im VHTL (Φ=0)
Im VHTL (a=1,Φ=0.4)
Im Vstring (Φ=0)
Im Vstring (a=1,Φ=0.4)
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Figure 3. Imaginary part of the potentials with and without bulk viscous corrections at T =
0.3 GeV. The contribution from the HTL part and the string-like part are shown separately. The
left figure shows small r region, and the right one shows a larger r region.
imaginary part in Fig. 4. Note that the dimensionless parameter λ is defined in Eq. (2.36).
The functions φn(x) and χ(x) are defined by
φn(x) ≡ 2
∫ ∞
0
dz
z
(z2 + 1)n
[
1− sin(xz)
xz
]
, (3.6)
χ(x) ≡ 2
∫ ∞
0
dz
z(z2 + 1)2
[
1− sin(xz)
xz
]
. (3.7)
The function φ2(x) is a monotonically increasing function that asymptotes φ2(0) = 0 and
φ2(∞) = 1. χ(x) is also monotonically increasing with χ(0) = 0, but is logarithmically
divergent at large x6.
Let us examine the qualitative features of the imaginary part and its bulk viscous
correction. We plot the imaginary part of the potential in Fig. 4. As can be seen in the
6 In Ref. [69], the physical origin of the divergence is identified to the absence of string breaking, and a
way of regularization is discussed. On the value of the decay width that we later perform, this divergence
is irrelevant because the wave function is localized.
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Figure 4. Imaginary part of the potential. | ImV | is enhanced in the small r region, while it is
suppressed at larger r.
figure, the bulk viscous correction on ImV is different in small r and large r regions. This
can be understood as follows:
• One consequence of the bulk viscous effect is a shift of the Debye mass,
m˜2D,R
m2D
= 1 + cR(a)Φ, (3.8)
The Debye mass becomes heavier due to the bulk correction for Φ > 0 and φ(m˜D,R r)
increases with the bulk correction. The coefficient of the Coulombic term is αλ,
which is also an increasing function of Φ. So, | ImVHTL| is an increasing function
of Φ. The perturbative HTL contribution is dominant in the small r region, since
φ2(m˜D,R r) ∼ r2 ln r and χ ∼ r2 to the leading order. See the left panel of Fig. 3.
Thus, in this region, | ImV | increases as Φ is increased.
• As shown in the right panel of Fig. 3, In the large r region, string-like part dominates
the imaginary part. In this region, | ImVstring| is suppressed in the presence of bulk
correction with Φ > 0. The string part is proportional to the factor λ/m˜2D,R, which
decreases as a function of Φ. Although χ(m˜D,R r) is an increasing function of Φ, in
total the string part decreases as a function of Φ.
• As a result, for the bulk viscous correction for Φ > 0, we observe the enhancement
of | ImV | in the small r region, and suppression at large r, as shown in Fig. 4.
3.2 Introduction of non-perturbative propagator
Let us discuss the prescription given in Ref. [79]. In order to take into account the string-
like behavior of the potential, they have introduced a non-perturbative contribution to the
resummed gluon propagator in addition to the HTL contribution as
D¯R = D¯
p
R + D¯
np
R , (3.9)
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where D¯pR = 1/(p
2 − ΠR) is the perturbative HTL contribution. The non-perturbative
contribution to the temporal component of the resummed gluon propagator is modeled by
the following form,
D¯npR (P ) = b
m2Gm
2
D
(p2 −ΠR)3 + b
′m
2
G(−m2D −ΠR)
(p2 −ΠR)3 , (3.10)
where b = 4 and b′ = 6 is chosen so that the leading contribution to the imaginary part
of the potential in the small r limit behaves as r4 ln r. The mass scale mG is related to
the string tension as m2G = 2σ/α by matching the small r behavior of the real part of the
potential with the Cornell potential. To get the symmetric propagator, the authors used
the relation
D¯S = D¯RΠSD¯A =
ΠS
ΠR −ΠA
(
D¯R − D¯A
)
. (3.11)
Using the equilibrium self-energies (2.5) and (2.20) in the HTL approximation, the non-
perturbative part of the symmetric propagator in the static limit reads
D¯npS (p0 = 0,p) = 12piiTm
2
Gm
2
D
p2 −m2G
p(p2 +m2D)
4
. (3.12)
The Fourier transform of the propagators leads to the potential7 8 ,
ReVGDPM(r) = −α
(
e−mDr
r
+mD
)
+
2σ
mD
(1− e−mDr)− σre−mDr, (3.14)
ImVGDPM(r) = −αφ2(mDr) + 8σT
m2D
[φ3(mDr)− 3φ4(mDr)] . (3.15)
Let us make a comment on the derivation. The use of Eq. (3.11) might look prob-
lematic, because when we modify the resummed propagator as Eq. (3.9), the self-energies
should in general be modified and be different from the perturbative one. The Dyson-
Schwinger equation (2.26) can be solved by the following expression,
D¯S(P ) = c sgn(p0) (D¯R − D¯A)− c sgn(p0) D¯R(ΠR −ΠA)D¯A + D¯RΠSD¯A. (3.16)
The parameter c can be in fact arbitrary, because the sum of the first two terms on the right
hand side is zero. In the thermal equilibrium, the most convenient choice is c = 1 + 2f0,
where f0 = f0(p0) is the Bose distribution. It is convenient because the FDT holds in the
thermal equilibrium,
ΠS(P ) = (1 + 2f0) sgn(p0) (ΠR −ΠA), (3.17)
because of which the last two terms of Eq. (3.16) are equal in magnitude. Therefore, in
equilibrium, the symmetric propagator can be expressed in three equivalent ways,
D¯S(P ) = (1 + 2f0) sgn(p0) (D¯R − D¯A)
= (1 + 2f0) sgn(p0)D¯R(ΠR −ΠA)D¯A
= D¯RΠSD¯A.
(3.18)
7 The one given here is the second model discussed in Ref. [79]. In their first model, the non-perturbative
retarded propagator is modeled as
D¯npR (P ) =
m2G
(p2 −ΠR)2 . (3.13)
The real part of this propagator is m2G/(p
2 + m2D)
2 and is the same as the non-perturbative propagator
discussed in Ref. [83]. This choice results in the KMS potential [13] for the real part.
8 The same real part of the potential is obtained in Ref. [50] through a different line of reasoning.
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If we use the first expression, it is evident that when D¯R has an additive contribution as
Eq. (3.9), the symmetric propagator gets an additive contribution as D¯S = D¯
p
S + D¯
np
S .
Namely, Eq. (3.11) does not actually depend on the self-energies.
From this consideration, it might seem difficult to extend this prescription to non-
equilibrium. This is because, we do not have the FDT in non-equilibrium, and we have
to use Eq. (3.11) to compute the resummed symmetric propagator, but there is no way
to determine ΠS when there are perturbative and non-perturbative contributions in D¯R.
However, in the current case of the bulk viscous correction, we can determine the D¯S even
though it is non-equilibrium, by assuming a modified FDT (2.35)9. We can choose the
parameter as c = 2Tλ/p0 and we can express D¯S as
D¯S(P ) =
2Tλ
p0
sgn(p0) (D¯R − D¯A)− 2Tλ
p0
sgn(p0) D¯R(ΠR −ΠA)D¯A + D¯RΠSD¯A. (3.19)
Because of the modified FDT (2.35), and the last two terms in Eq. (3.19) cancel, just like
the case of equilibrium. Therefore, we can express the resummed symmetric propagator in
three ways,
D¯S(P ) =
2Tλ
p0
sgn(p0)(D¯R − D¯A)
=
2Tλ
p0
sgn(p0)D¯R(ΠR −ΠA)D¯A
= D¯RΠSD¯A.
(3.20)
In the first expression, it is evident that when the retarded (or advanced) propagator gets an
additive contribution as Eq. (3.9), the non-perturbative contribution additively contribute
to D¯S = D¯
p
S + D¯
np
S .
In the presence of bulk viscous corrections, let us we consider the same form of the
non-perturbative contribution to the retarded self-energy,
D¯npR (P ) = b
m2Gm˜
2
D,R
(p2 −ΠR)3 + b
′m
2
G(−m˜2D,R −ΠR)
(p2 −ΠR)3 , (3.21)
where ΠR is given by Eq. (2.9). Note that the second term does not contribute to the real
part of the potential, because its real part vanishes in the static limit p0 → 0. We can
compute the corresponding non-perturbative part of the resummed symmetric propagator
using Eq. (3.20) as
D¯npS (p0 = 0,p) = 12piiTλm
2
Gm˜
2
D,R
p2 −m2G
p(p2 + m˜2D,R)
4
. (3.22)
The difference from the equilibrium case (3.12) is the replacement mD → m˜D,R and the
multiplication by λ.
Now that we got the expression of the necessary propagators and we are ready to
compute the potential through Eq. (2.30). The real part can be obtained by a simple
9 The modified FDT is derived in the perturbation theory and whether it is still valid in the non-
perturbative regime can be questioned.
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Figure 5. Imaginary part of the potential obtained via the prescription of Ref. [79] (left) and
Ref. [69] (right). The potentials without bulk viscous correction are denoted by solid lines, and
dashed lines are with the corrections. In both prescriptions, | ImV | is enhanced in the small r region,
while it is suppressed at larger r. The parameters are set as T = 0.3 GeV, σ = (0.44)2 GeV2, and
α = 0.392.
replacement of the Debye mass mD → m˜D,R. Using the modified symmetric propagator
(3.22), the imaginary part of the potential is given by
ImV bulkGDPM(r) = −αλφ2(m˜D,R r) +
8σTλ
m˜2D,R
[φ3(m˜D,R r)− 3φ4(m˜D,R r)] . (3.23)
On the left panel of Fig. 5, we plot the imaginary part of the potential for both equilibrium
and non-equilibrium cases. Qualitatively, how the imaginary part is affected is the same
as the case (3.5). | ImV | gets enhanced at small r, and suppressed at large r.
3.3 Approach based on a generalized Gauss law
In Ref. [69], a different prescription to obtain the potential is given. They have used
a generalized Gauss law, that can be applicable to a string-like potential, and the HTL
permittivity to obtain an analytic form of the in-medium potential. The real part of the
potential is the same as Eq. (3.14). The imaginary part of the potential in the thermal
equilibrium is given by
ImVLR(r) = −αTφ2(mDr)−
√
pi
4
TσmDr
3G2,22,4
( −12 ,−12
1
2 ,
1
2 ,−32 ,−1
∣∣∣∣m2Dr24
)
, (3.24)
where G is Meijers G-function. We can use the same prescription straightforwardly to
obtain the potential in the presence of the bulk viscous corrections, by using the modified
dielectric permittivity (2.31). The real part is again just a replacement mD → m˜D,R. The
imaginary part is given by
ImV bulkLR (r) = −αλTφ2(m˜D,R r)−
√
pi
4
Tσλ m˜D,R r
3G2,22,4
(
−12 ,−12
1
2 ,
1
2 ,−32 ,−1
∣∣∣∣∣m˜2D,R r24
)
. (3.25)
In this prescription too, the way the bulk correction affects the potential is also very similar
to the case (3.5). At small r, the second term is r4 while the first term is r2 ln r, so the
first term is dominant, where its magnitude is enhanced for Φ > 0. At large r, the second
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Figure 6. Comparison of the models of the real part of the in-medium potential.
term is dominant. On the right panel of Fig. 5, we plot the imaginary part (3.25) with
and without bulk corrections. For Φ > 0, | ImVLR| is enhanced in the small r region, and
suppressed at large r.
3.4 Comparison of the real part of the potentials
Let us conclude this section by giving a comparison of several models of heavy quark
potentials in the thermal equilibrium. In Fig. 6, we plot the potentials (3.4) (denoted by
VTKP) and (3.14) (denoted by VGDPM/LR) in the absence of bulk viscous corrections. We
have also plotted one of the previous model of the finite temperature potential, given by
[13]
VKMS(r) = −α
r
e−mDr +
σ
mD
(1− e−mDr). (3.26)
All the models are parametrized by the Debye mass mD, strong coupling constant α,
and the string tension σ. We take common values for the plot. Namely, all the mod-
els asymptote to the Cornell potential with the same parameters in the small distance
limit. For a comparison, we also plotted the perturbative HTL potential (the first term of
Eq. (3.4)), the Cornell potential, and Coulomb potential. The potentials ReVKMS,ReVTKP,
and ReVGDPM/LR start to deviate from each other around the length scale given by the
inverse Debye mass.
4 Heavy quarkonia in the presence of bulk viscous corrections
In this section, we discuss the effect of bulk corrections on the properties of heavy quarkonia,
such as the binding energies and decay widths, based on the potential obtained in the
section 3.1.
4.1 Computational setup
Let us describe the computational procedure. In order to study the in-medium properties
of quarkonia, we here solve the Schro¨dinger equation for a heavy quarkonium to obtain the
wave function, using the real part of the in-medium potential.
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The potential is the function of only the radial coordinate and we only have to solve the
ordinary differential equation of the radial part of the wave function. The time-independent
Schro¨dinger equation for the radial wave function reads
− 1
2mq
(
ψ′′(r) +
2
r
ψ′(r)− `(`+ 1)
r2
ψ(r)
)
+ ReV (r)ψ(r) = 
n`
ψ(r), (4.1)
where mq is the reduced mass of the quarkonium system. We numerically solve this using
the real part of the potential (3.4) modified by the bulk viscous correction to obtain the
wave functions and eigenvalues10.
The binding energy is given by the difference between the asymptotic value of the
potential and the eigenvalue 
n`
,
Ebin = ReV (r →∞)− n` , (4.2)
In the case of the potential (3.4), the asymptotic value is
ReV (r →∞) = −αm˜D,R + 2σ
m˜D,R
. (4.3)
Using the imaginary part of the potential (3.5), we can make an estimate for the
thermal decay width Γ by
Γ = −〈ψ| Im V (r)|ψ〉 = −
∫
dr r2|ψ(r)|2 ImV (r)∫
dr r2|ψ(r)|2 . (4.4)
In a thermal environment, the wave function cannot exist as a steady state, but is transient.
This way of the estimate of the decay width treat the imaginary part of the potential as a
perturbation and its validity worsens when the decay width become comparable the binding
energy.
Below is how the parameters are set:
• For the Debye masses, we use the perturbative expressions (2.10), (2.22) for differ-
ent temperatures/chemical potentials, including the bulk viscous corrections. Since
potentials are parametrized by the Debye mass one could regard the Debye masses
as a parameter and fit it to reproduce the potential computed from the lattice QCD
data. We do not take this approach here and use the HTL expression, since the
primary focus in this study is to understand the nature of bulk viscous modification
on heavy-quark properties.
• We set the reduced heavy quark mass tomq = 1.25/2 GeV for cc¯ andmq = 4.66/2 GeV
for bb¯.
10 The interpretation of the role of a complex potential needs some care. As shown in [33], the complex
potential dictates the time evolution of unequal time point-split meson-meson correlator, which is related to
spectral functions, and the binding energies and decay widths can be read off from the spectral functions.
Strictly speaking, the potential does not describe the time evolution of the wave function itself. In this
study, we used the real part to dictate the wave function itself and computed the binding energies and decay
widths based on the wave function. An advantage of this approach is that it gives us an intuitive picture on
the behavior of heavy quarkonia in the medium. The resultant melting temperature is in agreement with
those obtained from the approach [33]. When the decay width becomes comparable to the binding energy,
it would be better to directly compute the spectral function.
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• The string tension is chosen to σ = (0.44 GeV)2.
• For the coupling constant, we use the one-loop result,
αs =
g2
4pi
=
6pi
(11Nc − 2Nf ) log
(
2pi
√
T 2 + µ2/pi2/Λ
) , (4.5)
with Nc = Nf = 3. Namely the renormalization scale is taken to be 2pi
√
T 2 + µ2/pi2.
The scale Λ is chosen to Λ = 0.176 GeV requiring αS(1.5 GeV) = 0.326 is satisfied to
match the lattice measurements [84].
Under the current setting, we expect out computation becomes less trustable at lower
temperatures. The Debye mass would deviate from ∝ T behavior, and the value of the
coupling would deviate from the 1-loop results. This point may be improved by extracting
the Debye mass and the coupling from lattice QCD results.
4.2 Wave function
Let us first discuss the qualitative feature of the wave functions of quarkonia from the finite
temperature potential (3.4). At r → 0, the potential approaches a Coulomb potential with
coefficient α,
ReV ∼ −α
r
. (4.6)
On the other hand, at large distances, the potential also approaches a Coulomb potential,
but with a different coefficient,
ReV ∼ −α
′
r
, (4.7)
with α′ ≡ 2σ/m˜2D,R. The switching of those two regimes happens around r given by the
inverse Debye mass. In the limit of the large Debye mass (or high temperature), this
part is flattened since the coefficient α′ goes to zero, and the potential is dominated by
the screened HTL one. In the left panel of Fig. 7, we plot the potential as well as its
asymptotic Coulomb potentials. In the right panel of Fig. 7, we show the ground state
wave function from the potential (3.4) normalized at r = 0 , as well as those from the
asymptotic Coulomb potentials, at T = 0.3 GeV. At this temperature, the Debye mass
∼ 0.63 GeV is comparable to the reduced mass of the charm quark, and the wave function
is away from both of the two Coulomb wave functions.
In Fig. 8, we show how the wave function is deformed as the temperature goes higher,
for the ground state and the first excited states with ` = 0. A larger temperature results
in a larger Debye mass, because of which the wave function is more delocalized and the
size of the quarkonium becomes larger. Since the bulk viscous correction comes through
the modification of the Debye mass, for the real part of the potential. When Φ > 0, the
Debye mass becomes larger, and the wave function becomes more delocalized.
4.3 Binding energies and decay widths
4.3.1 Dependence on the scale Λ
Let us first consider the case without bulk viscous corrections. Figure 9 shows the binding
energies and decay widths for J/ψ, Υ, and Υ′ states. As a check of the systematic depen-
dence, we have changed the value of the scale Λ by factors of 1/2 to 2, and different lines
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Figure 7. Left: real part of the in-medium potential (3.4) at T = 0.3 GeV, µ = 0 and Φ = 0 in
comparison with its asymptotic Coulomb potentials. Right: radial wave function R(mqr) of J/ψ
state. The ground states of the asymptotic Coulomb potentials are shown for comparison.
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Figure 8. Radial wave functions of the ground state (left) and first excited state (right) of cc¯
wave functions at different temperatures, as a function of mqr. The temperature is changed from
0.1 GeV to 0.5 GeV by 0.05 GeV.
correspond to different values of Λ. For J/ψ and Υ′, the binding energies decrease and the
decay widths increase for a larger Λ. Υ shows a different behavior: the scale dependence
changes around T = 0.25 GeV.
The difference in behavior is related to the size of the wave function. In Fig. 10, we
show the mean radius of the quarkonia states, r¯ ≡√〈r2〉, with
〈r2〉 =
∫
dr r2|ψ(r)|2r2∫
dr r2|ψ(r)|2 . (4.8)
At around T = 0.25 GeV, the mean radius of Υ becomes larger than the inverse Debye
mass. When the wave function is small compared to the inverse Debye mass, the wave
function is not sensitive to the screening and its behavior is determined by the Cornell-like
potential. In the limit of tight wave function (large mass), the shape of the wave function
is qualitatively close to the Coulomb wave function. Then, the binding energy is given by
Ebin ' mqα
2
2
. (4.9)
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Figure 9. Binding energies (left column) and decay widths (right column) for J/ψ (top), Υ
(middle), and Υ′ (bottom) as a function of temperature. Different colors correspond to different
values of the scale Λ.
Since α is an increasing function of Λ, the binding energy increases for larger Λ, ∂α∂Λ > 0. On
the other hand, at higher temperature, the size of the wave function grows and the Debye
mass becomes relevant. The potential asymptotically approaches a Coulomb potential with
a different coefficient α′ ≡ 2σ/m˜2D,R. In this situation, the binding energy reads
Ebin ' mq(α
′)2
2
=
2mqσ
2
m4D
∝ 1
α2
. (4.10)
Therefore, when the size of the wave function is comparable or larger than the Debye
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Figure 10. Mean radius of J/ψ, Υ, and Υ′ compared with the Debye screening length 1/mD, as
a function of temperature.
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Figure 11. Modification of the binding energies (left) and decay widths (right) for charmonium
(top) and bottomonium (bottom) states due to the bulk viscous corrections. Solid lines are those
without the bulk corrections and dotted lines are with the modified ones.
screening length, the binding energy is a decreasing function of Λ. This is why the Λ-
dependence of the binding energy changes around T = 0.25 GeV for Υ. In the case of J/ψ
and Υ′, the mean radius is larger than the inverse Debye mass, and the binding energy is
always an increasing function of the scale Λ.
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Figure 12. Shift of the melting temperature. The temperature dependence of the binding
energies (solid lines) and decay widths (dashed lines) of J/ψ for different parameters Φ (indicated
by different colors) is shown. The position of the intersection of a solid and dashed lines of the
same color indicate the melting temperature for the corresponding parameter Φ.
4.3.2 Effect of bulk viscous corrections
Now let us discuss the effect of the bulk viscous corrections on the binding energies and
decay widths. In Fig. 11, we present the binding energies and decay widths for charmonium
(top) and bottomonium (bottom) states as a function of temperature. The solid lines
correspond to the cases without bulk correction, and the dotted lines are with the bulk
correction. Generically, the bulk correction for Φ > 0 lowers the binding energies, since the
bulk viscous correction make the Debye mass heavier and the screening becomes stronger.
For a negative Φ, the effect is opposite.
As for the decay widths, as shown in the right column of Fig. 11, the magnitude of the
decay width is enhanced in the presence of bulk viscous corrections. The decay width of
the ψ′ state with the bulk correction (top-right) shows flattening at higher temperatures
around 0.4 GeV. This is related to the nature of the imaginary part discussed in Sec. 3.1.
As we discussed there, in the presence of the bulk viscous correction, | ImV | is enhanced
at small r, while it is suppressed at higher r. The wave function of J/ψ is smaller in size,
and in this region | ImV | is increased, resulting in the larger decay width. On the other
hand, the excited states are larger and are more sensitive to the large r part of | ImV |.
The enhancement of the decay width of ψ′ become saturated, because the wave function
is now in the region where | ImV | is suppressed by the bulk correction.
Based on the computations of the binding energies and decay widths, we can make
an estimate of the melting temperature Tmelt of quarkonium states. We adopt a common
criterion that the binding energy coincide with the decay width, Ebin(Tmelt) = Γ(Tmelt).
For example, in Fig. 12, we plot the Ebin (solid line) and Γ (dashed line) of J/ψ states.
Different color corresponds to different parameter Φ. The position at which a solid and
dashed lines of the same color intersect is the melting temperature for the parameter Φ.
In Table 1, we compare the melting temperatures computed in the current setup (without
bulk correction) as well as the results from Ref. [69], that are based on the extraction of
the potential with lattice QCD data and subsequent computation of spectral functions.
In order to gain a sense of uncertainty, we varied the scale Λ around 0.176 GeV, and the
upper and lower numbers for our data in the table correspond to Λ = 1/2 × 0.176 GeV
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Figure 13. Melting temperature of J/ψ (left), Υ and Υ′ (right) as a function of the bulk viscous
parameter Φ with a = 1. The solid lines corresponds to Λ = 0.176 GeV, around which the value of Λ
is varied by a factor of 0.5 (Λ = 0.5×0.176 GeV, dashed line), and a factor of 2 (Λ = 2×0.176 GeV,
dotted line).
Tmelt [GeV] Ref. [69]
J/ψ 0.254+0.027−0.032 0.267
+0.033
−0.036
Υ 0.464+0.026−0.022 0.440
+0.080
−0.055
Υ′ 0.235+0.025−0.022 0.250
+0.050
−0.053
Table 1. Melting temperatures for different states in the absence of bulk viscous correction
(Φ = 0) , compared with a recent work based on the lattice QCD [69].
and Λ = 2 × 0.176 GeV, respectively. Although there is essentially only one parameter
σ (the coupling αS is given by the one-loop result and the Debye mass is given by the
HTL) for the case of no bulk viscous correction, the computed melting temperatures is in
a reasonable agreement.
In Fig. 13, we plot the melting temperatures of the states J/ψ, Υ and Υ′ as a function
of the bulk viscous parameter Φ. The colored regions indicate the range between the values
of Λ, 2×0.176 GeV and 0.5×0.176 GeV, and the solid line is for Λ = 0.176 GeV. We observe
a mild decrease of the melting temperature as a function of Φ. The slope of Υ′ is steeper
compared to J/ψ and Υ. Therefore, we have found that the bulk viscous effect indeed
affect the melting temperature, especially for excited states. When the plasma is close to
the critical point, the bulk viscous contribution is expected to be enlarged. This can lead
an anomalous behavior of observables related to heavy quarkonia in the beam energy scan
program, although at this state it is difficult to make a quantitative estimate. In order to
make a quantitative predictions, one should combine such behavior of quarkonia with a
dynamical framework based on hydrodynamics.
5 Summary and discussions
Heavy quarkonia are useful in probing the nature of the medium around them, through the
modification of their properties. In this article, we have studied how the non-equilibrium
bulk viscous corrections are imprinted in the properties of heavy quarkonia. The bulk
viscous correction modifies the distribution functions of thermal particles, from which the
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modified dielectric permittivity is computed in the HTL approximation. Using the di-
electric permittivity, we computed the heavy quarkonia potential and examined how the
potential is deformed in the presence of bulk viscous corrections. As for the real part of
the potential, the bulk viscous correction parametrized by Φ > 0 leads to a larger Debye
mass, hence stronger screening. The magnitude of the imaginary part is enhanced at short
distances, and is suppressed at large r, as shown in Fig. 4. We have tried three prescriptions
to accommodate the non-perturbative string-like potential at finite temperatures. Quali-
tative features of how the bulk viscosity affect the potential is found to be the same among
different prescriptions, which indicates the robustness of the results.
We solved the Schro¨dinger equation with the real part of the potential to obtain the
deformed wave functions. We computed the binding energies and decay widths for J/ψ, ψ′,
Υ, Υ′ states at different temperatures and the parameter Φ that quantify the bulk viscous
corrections. Basically, a positive Φ leads to a Debye mass and it reduces the binding energy.
On the other hand, the decay width is enhanced for a given temperature. Because of those,
the melting temperature, at which the binding energy equals the decay width, is reduced
for Φ > 0 and is enhanced for Φ < 0. When the system is near the critical point, the
bulk viscous effect is expected to be enhanced, that would affect the melting temperature.
It would be interesting to find an anomalous behavior of observables such as RAA in the
beam energy scan program.
Finally, let us make several comments about the possible future directions. A unique
ability of potential models is that it can be extended to non-equilibrium situations. It
would be interesting to combine the method of potentials with the technique of the QCD
sum rule [85–89] to gain insight into the properties of out-of-equilibrium QCD.
Technically and conceptually, in order to understand the dynamical evolution of heavy
quarkonia as a quantum state, the analysis based on the theory of open quantum systems
would be desirable, which is actively studied recently [90–97]. It would be interesting to
apply/derive such a framework to non-equilibrium environments which can have anisotropic
noises and see how the time evolution of quarkonia is affected.
Although we have demonstrated that heavy quarkonia have a potential to be sensitive
to the bulk viscous nature of the surrounding media, how to experimentally probe this is
a nontrivial question. Due to the non-equilibrium correction, the fluctuation-dissipation
theorem is violated, which leads to two different Debye masses for retarded and symmetric
propagators. If we can make an estimate of those two mass scales independently, it will be
possible to explore the non-equilibrium bulk viscous corrections, that are expected to be
significant near the critical point.
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